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Abstract
Seiberg–Witten maps are a well-established method to locally construct noncom-
mutative gauge theories starting from commutative gauge theories. We revisit and
classify the ambiguities and the freedom in the definition.
Geometrically, Seiberg–Witten maps provide a quantization of bundles with con-
nections. We study the case of U(n)-vector bundles on two-dimensional tori, prove
the existence of globally defined Seiberg–Witten maps (induced from the plane to the
torus) and show their compatibility with Morita equivalence.
Keywords: Deformation quantization, Ambiguities in Seiberg–Witten map, noncommutative
torus, noncommutative vector bundles, projective modules, Morita equivalence
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1 Introduction
The geometry of noncommutative tori is one of the most studied and inspiring examples in the
mathematics and physics literature. Yang-Mills theory on noncommutative tori was defined in [1]
and in [2] it was shown that noncommutative tori emerge as backgrounds for compactifications
of M-theory. The study of Yang-Mills and Born-Infeld theories on noncommutative tori has
proven very fruitful: On the one hand it allows to realize M-theory and string theory duality
transformations within the low energy physics of Noncommutative (Super) Yang-Mills theories
[2]. On the other hand it provides exact low energy D-branes effective actions (in a given α′ → 0
sector of string theory where closed strings decouple). This is a general feature of low energy
effective actions of open strings in the presence of a constant background flux (B-field) and has
led to the Seiberg–Witten map between commutative and noncommutative gauge fields [3]. This
is a field transformation that allows to rewrite a gauge theory on commutative space as a gauge
theory on noncommutative space. Particularly relevant are then action functionals, like the Yang-
Mills one, that are invariant in form under this map (background independent).
Most of the literature on Seiberg–Witten map does not consider global geometric aspects and
focusses on the local properties. Furthermore this map has mainly been studied in the context of
formal deformation quantization. An interesting result there concerns abelian gauge theories, in
that case the Seiberg–Witten map has been generalized to nonconstant background B-fields using
Kontsevich formality theorem [4], and shown to quantize line bundles on a Poisson manifold to
quantum line bundles [5].
In this paper we study global aspects of the Seiberg–Witten map for nonabelian U(n)-gauge
fields on noncommutative tori and show that it quantizes vector bundles on tori with connections to
vector bundles on noncommutative tori with noncommutative connections, these are the nonformal
(Hilbert) modules over noncommutative tori studied in the mathematics and physics literature
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[6], [2], [7], [8], [9]. In this global nonformal context we also revisit the relation between Seiberg–
Witten maps and Morita equivalence (T-duality) transformations showing their compatibility.
Since the torus is a quotient of the plane, gauge and matter fields associated with a bundle
on the torus are just gauge and matter fields (of trivial bundles) on the plane that satisfy twisted
periodicity conditions, determined by U(n)-valued functions Ωα on the plane. While these are
thought as “transition functions” of the torus, from the plane perspective they are endomorphisms
of the trivial rank n bundle on the plane, or equivalently, sections of the trivial rank n × n
bundle, transforming in the adjoint representation. The basic idea is then that the Seiberg–
Witten map quantization of these sections defines the quantum bundle on the noncommutative
torus via noncommutative twisted periodicity condition. In this way the Seiberg–Witten map on
the plane induces a quantization of bundles on tori. Consistently we show that the Seiberg–Witten
map for matter fields on the plane induces a Seiberg-Witten map for matter fields on the torus.
A key point in order to obtain as explicit solutions the quantum sections φθ studied via different
methods in [7] is to exploit the freedom in the Seiberg–Witten differential equation defining the
Seiberg–Witten map. This has led us to an exaustive study of the ambiguities in the definition of
the Seiberg–Witten map extending previous results in [10] and [11].
The paper is organized as follows. We begin by reviewing the Seiberg–Witten map on Rd,
including the original Seiberg–Witten differential equations and their recursive solutions as formal
power series in the noncommutativity parameter θ. We present a simple way to classify the
ambiguities of the Seiberg–Witten map by classifiyng all terms allowed in the Seiberg–Witten
equations, including those breaking covariance under constant GL(d,R) rotations on Rd, that is
anyhow broken on the d-dimentional torus.
In chapter three we present quantized U(n)-bundles on tori following [7] and establish the
relation to the projective modules description of the more mathematical literature, where θ is a
real number. We also describe endomorphisms of these bundles, and connections. All these fields
are seen as functions on the plane satisfying twisted periodicity conditions.
In the following chapter four we prove the main result, the compatibility of the Seiberg–Witten
map with the twisted periodicity conditions defining bundles with connections on the torus, and
show that the quantized sections are obtained via the Seiberg–Witten map. This establishes a
global and converging Seiberg–Witten map for U(n)-bundles on the torus. In particular different
ordering prescriptions for the quantization of the algebra of sections in the adjoint correspond to
different choices of Seiberg–Witten map. In chapter five we review Morita equivalence and its
T-duality transformations and show its compatibility with the Seiberg–Witten map.
2 Seiberg–Witten map on Rd
In this section we recall the Seiberg–Witten map between the noncommutative gauge fields Aˆ
and gauge parameters εˆ on the noncommutative n-dimensional plane Rdθ and the ordinary ones A
and ε on Rd. The n-dimensional plane Rdθ is described by the noncommutative algebra of formal
power series in θ with coefficients in complex valued smooth functions on Rd. Noncommutativity
is given by the Moyal-Weyl star product, with the following conventions:
(f ⋆ g)(σ) = exp
(
iπθµν
∂
∂σµ
∂
∂ρν
)
f(σ)g(ρ)|σ=ρ , (2.1)
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so that [σµ, σν ]⋆ = 2πiθ
µν (with θµν = −θνµ). We adopt conventions typically used in the
literature on tori, which differs from conventions used for the noncommutative plane by a factor
of 2π (i.e. ϑµν = 2πθµν with ϑµν the noncommutativity parameter of [3]). The Seiberg–Witten
map relates the noncommutative gauge potential Aˆ and the noncommutative gauge parameters εˆ
to the ordinary A and ε so as to satisfy:
Aˆ(A+ δεA) = Aˆ(A) + δˆεˆAˆ(A) (2.2)
with
δεAµ = ∂µε− iAµε+ iεAµ, (2.3)
δˆεˆAˆµ = ∂µεˆ− iAˆµ ⋆ εˆ+ iεˆ ⋆ Aˆµ. (2.4)
Condition (2.2) states that the dependence of the noncommutative gauge field on the ordinary
one is such that ordinary gauge variations of A inside Aˆ(A) produce the noncommutative gauge
variation of Aˆ. In a gauge theory physical quantities are gauge invariant: they do not depend on
the gauge potential but on the gauge equivalence class of the potential given. The Seiberg–Witten
map relates the noncommutative gauge fields to the commutative ones by requiring noncommu-
tative fields to have the same gauge equivalence classes as the commutative ones. Equation (2.2)
can be solved order by order in θ yielding Aˆ and εˆ as power series in θ:
Aˆ(A) = A+A1(A) +A2(A) + · · · +An(A) + · · · (2.5)
εˆ(ε,A) = ε+ ε1(ε,A) + ε2(ε,A) + · · ·+ εn(ε,A) + · · · (2.6)
where An(A) and εn(ε,A) are of order n in θ. Note that εˆ depends on the ordinary ε and also on
A.
The Seiberg–Witten condition (2.2) holds for any value of the noncommutativity parameter
θ. If we consider it at θ′ and at θ we easily obtain that gauge equivalence classes of the θ′-
noncommutative theory have to correspond to gauge equivalent classes of the θ-noncommutative
theory, i.e., we generalize (2.2) to
Aˆ
′
κ(Aˆ+ δˆεˆAˆ) = Aˆ
′
κ(Aˆ)− δˆ
′
εˆ′
Aˆ
′
κ(Aˆ) , (2.7)
where we denoted by ⋆′, Aˆ
′
, εˆ
′
, δˆ
′
εˆ′
the star product, the gauge potential, the gauge parameter and
the gauge variation: δˆ
′
εˆ
′ Aˆ
′
κ = ∂κεˆ
′
− iAˆ
′
κ ⋆
′ εˆ
′
+ iεˆ
′
⋆′ Aˆ
′
κ at noncommutativity parameter θ
′. By
considering θ and θ′ infinitesimally close, so that θ′ = θ + δθ and Aˆ
′
= Aˆ+ δθµν ∂Aˆ∂θµν (we use the
convention ∂∂θµν independent from
∂
∂θνµ and hence we sum over all µ,ν indices), in [3, §3.1] it is
shown that if Aˆ and εˆ solve the differential equations
∂
∂θµν
Aˆκ = −
π
4
(
{Aˆµ, ∂νAˆκ + Fˆνκ}⋆ + {Aˆν , ∂µAˆκ + Fˆµκ}⋆
)
(2.8)
∂
∂θµν
εˆ = −
π
4
(
{Aˆµ, ∂ν εˆ}⋆ + {Aˆν , ∂µεˆ}⋆
)
(2.9)
with the definitions
Fˆµν := ∂µAˆν − ∂νAˆµ − iAˆµ ⋆ Aˆν + iAˆν ⋆ Aˆµ (2.10)
{f, g}⋆ := f ⋆ g + g ⋆ f (2.11)
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then Aˆ
′
(Aˆ) and εˆ
′
(εˆ, Aˆ) satisfy also the Seiberg–Witten condition (2.7) for arbitrary values of θ′
and θ, and in particular, therefore, solve the Seiberg–Witten condition (2.2).
The differential equations (2.8) and (2.9) admit solutions in terms of formal power series in θ,
they are given recursively by [12]
An+1µ = −
π
2(n+ 1)
θρσ{Aˆρ, ∂σAˆµ + Fˆσµ}
n
⋆ , (2.12)
εn+1 = −
π
2(n + 1)
θρσ{Aˆρ, ∂σ εˆ}
n
⋆ , (2.13)
where {fˆ , gˆ}n⋆ is the n-th order term in {fˆ , gˆ}⋆, so that for example
{Aˆρ, ∂σ εˆ}
n
⋆ ≡
∑
r+s+t=n
(Arρ ⋆
s ∂σε
t + ∂σε
t ⋆s Arρ) , (2.14)
here ⋆s indicates the s-th order term in the star product expansion.1
Similar considerations hold for matter fields φ transforming in the fundamental or in the
adjoint representation of the gauge group. The Seiberg–Witten condition reads [14]
φˆ(A+ δεA,φ+ δεφ) = φˆ(A,φ) + δˆεˆφˆ(A,φ) , (2.15)
or more generally,
φˆ
′
(Aˆ+ δεˆAˆ, φˆ+ δεˆφˆ) = φˆ
′
(Aˆ, φˆ) + δˆ
′
εˆ
′ φˆ
′
(Aˆ, φˆ) , (2.16)
and it is satisfied if the matter fields solve the differential equation
δθµν
∂φˆ
∂θµν
= −
π
2
δθµνAˆµ ⋆ (∂ν φˆ+Dν φˆ) fundamental rep., i.e., δˆεˆφˆ = iεˆ ⋆ φˆ , (2.17)
δθµν
∂Ψˆ
∂θµν
= −
π
2
δθµν
{
Aˆµ , (∂νΨˆ +DνΨˆ)
}
⋆
adjoint rep., i.e., δˆεˆΨˆ = iεˆ ⋆ Ψˆ− iΨˆ ⋆ εˆ . (2.18)
The explicit solutions order by order in θ are
φn+1 = −
π
2(n+ 1)
θµν
(
Aˆµ ⋆ (∂ν φˆ+Dν φˆ)
)n
(fundamental) (2.19)
Ψn+1 = −
π
2(n+ 1)
θµν{Aˆµ, ∂νΨˆ +DνΨˆ}
n
⋆ (adjoint) (2.20)
where
Dν φˆ = ∂ν φˆ− iAˆν ⋆ φˆ , DνΨˆ = ∂νΨˆ− iAˆν ⋆ Ψˆ + iΨˆ ⋆ Aˆν (2.21)
are the covariant derivative in the fundamental and in the adjoint.
1There is a simple proof of (2.12), (2.13) [13]: multiplying the differential equations by θµν and analysing
them order by order yields
θµν
∂
∂θµν
An+1ρ = (n+ 1)A
n+1
ρ = −
π
2
θµν{Aˆµ, ∂νAˆρ + Fˆνρ}
n
⋆ ,
θµν
∂
∂θµν
εn+1 = (n+ 1)εn+1 = −
π
2
θµν{Aˆµ, ∂ν εˆ}
n
⋆
since An+1ρ and ε
n+1 are homogeneous functions of θ of order n+ 1.
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2.1 Ambiguities in the Seiberg–Witten map
The solution to the Seiberg–Witten conditions (2.2), (2.15) is not unique. For example if Aˆµ is a
solution, any noncommutative gauge transformation of Aˆµ gives another solution. Another source
of ambiguities is that of field redefinitions of the gauge potential (e.g., if Aˆµ is a solution then
so is Aˆµ + θ
ρσθληFˆρλ ⋆ DσFˆηµ). We present a novel study of these ambiguities by considering
the freedom in modifying the differential equations (2.8), (2.9) and (2.17) leading to the Seiberg–
Witten conditions.
We generalize the Seiberg–Witten equations allowing for three extra terms Dˆµνρ(Aˆ), Eˆµν(εˆ, Aˆ)
and Cˆµν(φˆ, Aˆ) or Cˆµν(Ψˆ, Aˆ) (for the fundamental or adjoint representation) that are a priori
arbitrary functions of their arguments and derivatives thereof, that are (formal) power series in θ
and that are antisymmetric in the µ, ν indices. We hence consider the equations
δθAˆκ = δθ
µν ∂Aˆκ
∂θµν
=
π
2
δθµν
(
Aˆµ ⋆ (∂νAˆκ + Fˆνκ) + (∂νAˆκ + Fˆνκ) ⋆ Aˆµ + Dˆµνκ(Aˆ)
)
, (2.22)
δθ εˆ = δθµν
∂εˆ
∂θµν
=
π
2
δθµν
(
∂µεˆ ⋆ Aˆν + Aˆν ⋆ ∂µεˆ+ Eˆµν(εˆ, Aˆ)
)
, (2.23)
δθφˆ = δθµν
∂φˆ
∂θµν
= −
π
2
δθµν
(
Aˆµ ⋆ ∂ν φˆ+ Aˆµ ⋆ Dν φˆ+ Cˆµν(φˆ, Aˆ)
)
, (2.24)
δθΨˆ = δθµν
∂Ψˆ
∂θµν
= −
π
2
δθµν
(
Aˆµ ⋆ (∂νΨˆ +DνΨˆ) + (∂νΨˆ +DνΨˆ) ⋆ Aˆµ + Cˆµν(Ψˆ, Aˆ)
)
(2.25)
and observe that Eˆµν must be linear in εˆ since all terms in (2.23) but Eˆµν are linear in εˆ,
similarly Cˆµν must be linear in φˆ because of the linearity in φˆ of all other terms in (2.24), and
similarly for Cˆµν(Ψˆ, Aˆ) in (2.25). We further constrain the dependence of Dˆµνκ, Eˆµν , and Cˆµν
on θ, Aˆ, εˆ and their derivatives by requiring the Seiberg–Witten conditions (2.7), (2.16). Let’s
first consider condition (2.7), we use (2.22) in Aˆ
′
(Aˆ + δˆεˆAˆ) = Aˆ + δˆεˆAˆ + δ
θAˆ (Aˆ + δˆεˆAˆ) as well
as in Aˆ
′
(Aˆ) = Aˆ + δθAˆ, then we use f ⋆′ h = f ⋆ h + iπδθµν∂µf ⋆ ∂νh + O(θ
2) and (2.23) in
δˆ
′
εˆ′
Aˆ
′
κ = ∂κεˆ
′
− iAˆ
′
κ ⋆
′ εˆ
′
+ iεˆ
′
⋆′ Aˆ
′
κ, and finally recall that for Dˆµνκ = Eˆµν = 0 the equation is
satisfied, we thus obtain the condition
Dˆµνκ(Aˆ+ δˆεˆAˆ)− Dˆµνκ(Aˆ)− i[εˆ, Dˆµνκ(Aˆ)]⋆ = −DκEˆµν(εˆ, Aˆ) . (2.26)
Similarly, the Seiberg–Witten condition (2.16) for matter fields in the fundamental and in the
adjoint constraints Cˆµν to satisfy
Cˆµν(Aˆ+ δˆεˆAˆ, φˆ+ δˆεˆφˆ)− Cˆµν(Aˆ, φˆ)− iεˆ ⋆ Cˆµν(Aˆ, φˆ) = −iEˆµν(εˆ, Aˆ) ⋆ φˆ ,
Cˆµν(Aˆ+ δˆεˆAˆ, Ψˆ + δˆεˆΨˆ)− Cˆµν(Aˆ, Ψˆ)− i[εˆ, Cˆµν(Aˆ, Ψˆ)]⋆ = −i[Eˆµν(εˆ, Aˆ), Ψˆ]⋆ ,
(2.27)
where [f, g]⋆ = f ⋆ g − g ⋆ f is the star commutator.
An immediate comment is that any Dˆµνκ and Cˆµν covariant under gauge transformations solve
(2.26), (2.27) with Eˆµν = 0.
In summary, we have shown that the most general solution Aˆ(A), εˆ(ε,A), φˆ(A,φ), Ψˆ(A,Ψ)
of the Seiberg–Witten conditions (2.2), (2.15) is given by the differential equations (2.22)-(2.25)
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where Dˆ, Eˆ, Cˆ are constrained by (2.26) and (2.27). Further constraints on the Dˆ, Eˆ, Cˆ terms are
obtained by requiring that Seiberg–Witten map respects hermiticity and charge conjugation in
the sense that the hermiticity and charge conjugation properties of the commutative fields imply
those of the noncommutative fields [15, 13].
It is useful to compare these results with the previous ones in the literature. To this aim
we constrain Dˆ, Eˆ, Cˆ to be ⋆-polynomials in the variables Aˆµ,Dµ, εˆ, φˆ, Ψˆ, θ
µν , ∂µ, that is in the
variables Aˆµ,Dµ, εˆ, φˆ, Ψˆ, θ
µν , indeed the partial derivatives ∂µ can be always expressed in terms of
the covariant derivatives and the gauge potentials. We then define the operator Lεˆ to satisfy the
Leinbiz rule and to be the adjoint action of εˆ on fields in the adjoint, and the fundamental action
otherwise: Lεˆ(Aµ) = [εˆ, Aˆµ]⋆ , Lεˆ(Dµ) = [εˆ, Dµ]⋆ , Lεˆ(εˆ) = 0 , Lεˆ(φˆ) = εˆ ⋆ φˆ ,Lεˆ(Ψˆ) = [εˆ, Ψˆ]⋆.
Next, as in [10], we introduce the operator
δ′εˆ = ∂µεˆ
∂
∂Aˆµ
(2.28)
that acts only on the gauge potential Aˆµ and does not act on the covariant derivatives: δ
′
εˆ(Dµ) = 0.
This operator just substitutes Aˆµ with ∂µεˆ and satisfies the Leibniz rule. We can consider (2.26)-
(2.27) as a combinatorial problem in the words (symbols) Aˆµ,Dµ, φˆ, Ψˆ, εˆ, θ
µν . Since δ′εˆ = δˆεˆ− iLεˆ
(as is easily seen on the generators Aˆµ,Dµ, φˆ, εˆ, θ
µν , and then recalling the Leibniz rule) we can
rewrite (2.26) and (2.27) as
δ′εˆDˆµνκ(Aˆ) = −DκEˆµν(εˆ, Aˆ) , (2.29)
δ′εˆCˆµν(Aˆ, φˆ) = −iEˆµν(εˆ, Aˆ) ⋆ φˆ , δ
′
εˆCˆµν(Aˆ, Ψˆ) = −i[Eˆµν(εˆ, Aˆ), Ψˆ]⋆ . (2.30)
If we constrain Dˆ, Eˆ, Cˆ to be words (⋆-polynomials) only of Aˆµ,Dµ, φˆ, Ψˆ, εˆ and not of the other
letters θµν we then have a finite number of letters that can match the dimensionality of Dˆ, Eˆ, Cˆ
and the linearity constraints on εˆ, φˆ and Ψˆ discussed immediately after (2.25). In Rd the star
product f ⋆ g is invariant under constant GL(d,R) coordinate transformations; if we do not fix
the gauge potential Aˆµ it is natural to implement this symmetry also in the Seiberg–Witten map,
i.e., to ask all expressions to be tensorial under constant coordinate transformations. Since θµν ,
Aˆµ, ∂µ and Dµ transform covariantly, this is achieved, as usual, by contracting indices tensorially
and by matching the index structure of Dˆ, Eˆ, Cˆ.
We have written the most general linear combination of letters for Dˆ, for Eˆ and Cˆ, substituted
them in (2.29) and (2.30) and shown (using also Bianchi identities that are indeed combinatorial
identities) that the most general GL(d,R) covariant solution with no explicit dependence on θµν
is
Dˆµνκ = αDκFˆµν + βDκ[Aˆµ, Aˆν ]⋆ , Eˆµν = 2β[∂µεˆ, Aˆν ]⋆ , (2.31)
Cˆµν = −2iβ[Aˆµ, Aˆν ]⋆ ⋆ φˆ+ γFˆµν ⋆ φˆ (fundamental) (2.32)
Cˆµν = −2iβ[[Aˆµ, Aˆν ]⋆, Ψˆ]⋆ + γ
′Fˆµν ⋆ Ψˆ + γ˜Ψˆ ⋆ Fˆµν (adjoint) (2.33)
with α, β, γ, γ′ and γ˜ arbitrary constants (terms like DµDν φˆ are proportional to Fµν due to
antisymmetry in µ, ν). This shows that the results in [10] and in [11] are the most general
solutions covariant under constant GL(d,R) coordinate transformations and that do not depend
explicitly on θµν .
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If we relax the covariance under constant GL(d,R) coordinate transformations we obtain
further solutions, in particular we can generalize (2.32) to
Cˆµν = −2iβ[Aˆµ, Aˆν ]⋆ ⋆ φˆ+ γFˆµν ⋆ φˆ+ ρDµDν φˆ for µ < ν, and Cˆνµ := −Cˆµν (2.34)
(and similarly for the adjoint case). Here ρ is a constant, and GL(d,R) covariance is broken
because Cˆνµ has not the term ρDνDµφ. Actually, as noted after (2.27), we can add to Cˆµν an
arbitrary term covariant under gauge transformations, like e.g. the linear combination ηDµDµφˆ+
ωDνDν φˆ that even more clearly breaks GL(d,R) coordinate transformations. When considering
Seiberg–Witten maps on the d-dimensional torus GL(d,R) is anyhow broken, and Cˆµν terms like
those listed can be considered, and, as we will see, are important in order to explicitly solve the
Seiberg-Witten differential equations.
We further remark that it is very natural to allow for polynomials that depend explicitly also
on θ (for example the field redefinition Aˆµ → Aˆµ + θ
ρσθληFˆρλ ⋆ DσFˆηµ is of this kind). In this
case (2.31) is not the most general solution. As an example consider Dˆµνκ = γ(θ
ρσFˆρσ)
pDκFˆµν
(with γ arbitrary constant, p integer) and Eˆ = 0.
3 Noncommutative tori
Noncommutative tori are among the most studied objects in noncommutative geometry. In
physics, they serve as key examples to study T-duality. We review the classification of bundles
(finitely generated projective modules) with connections on noncommutative tori.
3.1 U(n)-vector bundles on commutative tori
We consider hermitian n-dimensional vector bundles over the 2-dimensional torus T , i.e., rank n
complex vector bundles canonically associated (via the fundamental representation) to a U(n)-
principal bundle. For short we will call these bundles U(n)-vector bundles or simply U(n)-bundles.
While a usual description of bundles is via local sections defined on opens and transition
functions on overlaps, since the torus T is given by the quotient R2/(2πZ)2, bundles on T are
most easily described by sections of the trivial vector bundle on the plane R2 × Cn → R2 that
obey twisted periodicity conditions, often called boundary conditions. These conditions can be
seen as arising from the transition functions of the bundle on T in the limiting case of opens that
overlap only on the boundary of the fundamental domain determining the torus as a quotient of
R2. Let’s describe the smooth sections En,m of a U(n)-vector bundle with topological charge m
[16] (we follow [17], [7], see also [18]). Define the fundamental domain in R2 to be the square of
length 2π, so that T = R2/(2πZ)2 and functions on T are 2π-periodic functions on R2, and define
the U(n)-matrix valued functions (transition functions)
Ω1(σ
2) = eimσ
2/nU , Ω2(σ
1) = V , (3.1)
where U and V are the clock and shift U(n)-matrices with entries Ukl = e
2πikm/nδkl, Vkl = δ(k+1)l
for k < n, Vn,l = δ1l. Let φ be an n-dimensional vector of complex valued functions on R
2 (a
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section of the trivial bundle R2 × Cn → R2), then the twisted periodicity conditions defining the
sections φ ∈ En,m is the system of 2n equations in R
2:
φ(σ1 + 2π, σ2) =Ω1(σ
2)φ(σ1, σ2) ,
φ(σ1, σ2 + 2π) =Ω2(σ
1)φ(σ1, σ2) ,
(3.2)
where the U(n)-matrix valued functions Ωα satisfy the cocycle condition
Ω1(σ
2 + 2π)Ω2(σ
1) = Ω2(σ
1 + 2π)Ω1(σ
2) . (3.3)
We remark that (3.2) and (3.3) are equations for functions (φk,Ω1kl,Ω2kl) on R
2. More geo-
metrically, φ are sections of R2 × Cn → R2 (the trivial U(n)-vector bundle on R2), and Ωα :
R2 → U(n) ⊂ Mn×n(C), α = 1, 2, are endomorphisms of this vector bundle that transform sec-
tions to sections φ 7→ Ωαφ (they are sections of the endomorphism bundle End(E)). Denoting by
E = C∞(R2)⊕n the module of sections of R2×Cn → R2 we write Ωα ∈ End(E) = C
∞(R2)⊕(n×n),
where in the last equality we used that endomorphisms of a trivial (smooth) n-dimensional vector
bundle are just (smooth) maps from the base space to linear maps on the fibre. Thus Ωα are
sections of the complexified adjoint bundle, for short, sections in the adjoint.
An explicit description of the sections φ ∈ En,m solving (3.2) was provided in [19] and requires
defining:
A :=
m
n
(σ2
2π
+ k + ns
)
+ j , B := iσ1 , (3.4)
then an arbitrary section φ = (φk)k=1,...n ∈ En,m is given by
φk(σ
1, σ2) =
∑
s∈Z
m∑
j=1
eABφ˜j(
n
m
A) , (3.5)
where m is the topological charge, k = 1, . . . n and φ˜j are m arbitrary complex valued Schwartz
functions on R. More elegantly they define a Schwartz function φ˜ : R× Zm → C.
In an analogous manner, covariant derivatives Dµ on the module of sections En,m are described
by covariant derivatives of the trivial U(n)-bundle on R2 satisfying the appropriate periodicity:
Dµ|(σ1+2π,σ2) = Ω1(σ
2)Dµ|(σ1,σ2)Ω
−1
1 (σ
2) ,
Dµ|(σ1,σ2+2π) = Ω2(σ
1)Dµ|(σ1,σ2)Ω
−1
2 (σ
2) .
(3.6)
A particular solution to these conditions, suitable for later generalizations to the noncom-
mutative torus, is the one with only a single non-vanishing component of the gauge potential,
proportional to the unit n× n-matrix:
D1 = ∂1 − iA1 = ∂1 , D2 = ∂2 − iA2 = ∂2 − i
m
n
σ1
2π
1 . (3.7)
The field strength is given by F = F12 = i[D1,D2] =
1
2π
m
n 1 and indeed the topological charge of
En,m is m:
1
2π
∫
tr(F )dσ1dσ2 = m.
The set of sections En,m is a module over the algebra C
∞(T ) of smooth functions on T , the
action φ 7→ φf (it is customary to multiply functions from the right rather than the left) is simply
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the product of the vector φ with the periodic function f . It is immediate to check that φf satisfies
(3.2) if so does φ.2
Moreover, En,m is a module with respect to the algebra of endomorphisms of En,m itself. By
definition, an endomorphism is a fiberwise linear map on the vector bundle that acts as the
identity on the base space (the torus), and hence it is a linear map on sections that is the identity
on functions on the torus: φf 7→ Ψ(φf) = Ψ(φ)f . Therefore the End(En,m)- and C
∞(T )-actions
commute, and En,m is a bimodule with respect to the algebras End(En,m) and C
∞(T ), we write
this as
En,m ∈ End(En,m)MC∞(T ) . (3.8)
We conclude with an explicit description of the algebra of endomorphisms of En,m. First of all, the
algebra of endomorphisms of E, the module of sections of R2 × Cn → R2, as already observed, is
given by all n× n matrix valued functions on R2, End(E) = {Ψ : R2 →Mn×n(C)}; the action on
sections is simply the matrix transformation φ 7→ Ψφ. The algebra End(En,m) is the subalgebra
of End(E) that preserves the twisted periodicity conditions (3.2): if φ satisfies (3.2) then so does
Ψφ. That is, endomorphisms of En,m are endomorphisms of E that satisfy the twisted boundary
conditions in the adjoint representation:
Ψ(σ1 + 2π, σ2) = Ω1(σ
2)Ψ(σ1, σ2)Ω−11 (σ
2) ,
Ψ(σ1, σ2 + 2π) = Ω2(σ
1)Ψ(σ1, σ2)Ω−12 (σ
2) .
(3.9)
We see that they are the sections of the adjoint U(n)-vector bundle on the torus (i.e., the complex
vector bundle canonically associated via the adjoint representation, rather than the fundamental,
to the U(n)-principal bundle).
For m and n coprime, the algebra End(En,m) is generated by the U(n)-valued functions on R
2
(cf. [7],[8]):
Z1 = e
iσ1/nV b , Z2 = e
iσ2/nU−b , (3.10)
where b ∈ Z is such that an − bm = 1 with a ∈ Z. (If a′ and b′ are another couple satisfying
a′n−b′m = 1, the algebra is the same since m,n coprime implies (a−a′) = ms, (b−b′) = ns, s ∈ Z
and we have Un = V n = 1). It is easy to see that Z1Z2 = e
2πib/nZ2Z1, henceforth End(En,m) =
Tb/n the algebra of the noncommutative torus with rational noncommutativity parameter b/n.
3.2 U(n)-vector bundles on noncommutative tori
The description of bundles on the torus via modules on the algebra C∞(T ) of smooth functions
on the torus, and the description of these modules via vector valued functions φ on R2 (sections of
the trivial U(n)-vector bundle on R2) satisfying twisted periodicity conditions determined by the
two matrix valued functions Ωα : R
2 → U(n) (bundle endomorphisms) is particularly well suited
to noncommutative generalizations.
Consider as in Section 2 the noncommutative Moyal-Weyl algebra R2θ, with θ = θ
12 = −θ21,
(f ⋆ g)(σ1, σ2) = fg(σ1, σ2) + iπθ
(
∂σ1f ∂σ2g − ∂σ2f ∂σ1g
)
+O(θ2) . (3.11)
2Since the bundle is a positive definite hermitian complex vector bundle and the algebra of continuous
functions C(T ) is a C⋆-algebra we also have that En,m is a Hilbert module over C(T ).
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The ⋆-product between 2π-periodic functions on the plane is again a 2π-periodic function, and
therefore 2π-periodic functions form a subalgebra of R2θ, this is the noncommutative torus T(−θ).
Explicitly, T(−θ), for θ ∈ R, is defined as the algebra over C generated by two invertible elements
U1, U2 that satisfy the relations
U1U2 = e
2πi(−θ)U2U1 (3.12)
with involution given by U∗1 = U
−1
1 , U
∗
2 = U
−1
2 . The smooth noncommutative torus T(−θ) is
T(−θ) = {
∑
p,q∈Z ap,q U
p
1U
q
2 , ap,q ∈ C}, where a : Z
2 → C , (p, q) 7→ ap,q are Schwarz functions on
Z2. We can also consider θ as a formal parameter (so that U1 and U2 generate the algebra over
the ring of formal power series C[[θ]]). Since in R2θ
eiσ
1
⋆ eiσ
2
= e2πi(−θ)eiσ
2
⋆ eiσ
1
, (3.13)
setting U1 = e
iσ1 , U2 = e
iσ2 realizes this algebra as a subalgebra of R2θ. Notice that restricting to
periodic functions allows to specialize the formal parameter θ to a real number.
The twisted boundary conditions (3.2) and the cocycle conditions are equations for the func-
tions (φk,Ω1kl,Ω2kl) on R
2 and deforming the commutative product in the ⋆-product we obtain
the noncommutative deformation of these conditions
φθ(σ1 + 2π, σ2) = Ω1(σ
2) ⋆ φθ(σ1, σ2) ,
φθ(σ1, σ2 + 2π) = Ω2(σ
1) ⋆ φθ(σ1, σ2) ,
(3.14)
Ω1(σ
2 + 2π) ⋆ Ω2(σ
1) = Ω2(σ
1 + 2π) ⋆Ω1(σ
2) . (3.15)
The solutions (3.1) of the commutative cocycle conditions are also solutions of the ⋆-cocycle
condition. The solutions φθ to (3.14) are immediately seen to be a module with respect to the
noncommutative torus subalgebra Tθ ⊂ R
2
θ: if and only if f is a periodic function we have that a
φθ satisfying (3.14) implies that φθ ⋆f satisfies (3.14). The solutions φθ therefore span the module
Eθn,m of sections of a rank n complex vector bundle on the noncommutative torus.
The explicit solution of (3.14) requires the use of a normal ordered function E(A,B) defined
by
E(A,B) :=
1
1− [A,B]⋆
∞∑
l=0
1
l!
Al ⋆ Bl , (3.16)
where the definition of A and B in terms of the coordinates σ1, σ2 and the integers n and m is
given in (3.4). For later work with the function E(A,B), we collect some of its properties, whose
proof follows for the relation [A,B]⋆ =
m
n θ (the last two are easily derived from the corresponding
differential equation in λ).
Lemma 1. The function E(A,B) satisfies
A ⋆ E(A,B) =
1
1− c
E(A,B) ⋆ A , (3.17)
B ⋆ E(A,B) =E(A,B)(1 − c) ⋆ B , (3.18)
E(−B,A)E(A,B) = 1 , (3.19)
E(A + λ,B) =E(A,B) ⋆ eλB , (3.20)
E(A,B + λ) = eλA ⋆ E(A,B) , (3.21)
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where we have set c := [A,B]⋆ =
m
n θ, and λ ∈ C.
We can now recall the solution φθ = (φθk)k=1,...n presented in [7], see [8] for a derivation, to
the twisted boundary conditions (3.14)
φθk(σ
1, σ2) =
∑
s∈Z
m∑
j=1
E
(
m
n
(
σ2
2π + k + ns
)
+ j, iσ1
)
⋆ φ˜j
(
σ2
2π + k + ns+
n
m
j
)
, (3.22)
that for short we rewrite as
φθk(σ
1, σ2) =
∑
s∈Z
m∑
j=1
E(A,B) ⋆ φ˜j(
n
mA) , (3.23)
where A and B are defined in (3.4), k = 1, . . . n and φ˜j : R → C, j = 1, . . . m are arbitrary
Schwartz functions on R, denoted by φˆj in [7]. The module of sections E
θ
n,m can be directly
described in terms of these functions φ˜j , that is, in terms of Schwartz functions φ˜ : R× Zm → C,
thus recovering the more mathematical presentation used in [2] (see also [9, 20]) of the module
Eθn,m ∈ MT(−θ) . We denote by ⊳, the action of the torus algebra on the sections φ˜. The action of
the generators U1 = e
iσ1 , U2 = e
iσ2 is induced by that on φθ by defining φ˜ ⊳ Uµ (µ = 1, 2) such
that
(φθk ⋆ Uµ)(σ
1, σ2) =
∑
s∈Z
m∑
j=1
E(A,B) ⋆ (φ˜ ⊳ Uµ)j(
n
mA) . (3.24)
This gives (use U−11 ⋆ φ˜j(
n
mA) ⋆ U1 = φ˜j(
n
mA+ θ) and (3.20))
(φ˜ ⊳ U1)j(x) = φ˜j−1(x−
n
m + θ) ,
(φ˜ ⊳ U2)j(x) = φ˜j(x) e
2πi(x−jn/m) .
(3.25)
Thus we have a module isomorphism between the module of sections φθk(σ
1, σ2) (satisfying the
boundary conditions) and that of sections φ˜j(x); we identify these two modules over the noncom-
mutative torus and use the same notation Eθn,m. Equations (3.25) provide a more explicit definition
of the module of sections Eθn,m on the noncommutative torus T(−θ) because the twisted periodicity
conditions (3.14) have been solved, it is however less geometric than the implicit one with the
constrained sections φθ. The geometric description holds for n ∈ N− {0} and m ∈ Z− {0}; then
we have the modules Eθn,0, that are defined to be the direct sums T(−θ)
⊕n of n copies of the trivial
module T(−θ), i.e., the modules of sections of the trivial U(n)-bundles on the noncommutative
torus. The algebraic definition (3.25) allows to consider also the case −n ∈ N − {0} but there
is no new module since Eθn,m = E
θ
−n,−m. Finally (3.25) defines also the modules E
θ
0,m that how-
ever coincide with the modules Eθ+1m,m. In particular E
θ
0,1 = E
θ+1
1,1 is the module of sections of the
U(1)-bundle over T(−θ−1) = T(−θ) with charge m = 1. It will play a key role in §5.
Similarly to the classical case, covariant derivatives Dµ on the module of sections E
θ
n,m are
described by covariant derivatives of the trivial U(n)-bundle on R2θ satisfying the appropriate
periodicity:
Dµ|(σ1+2π,σ2) = Ω1(σ
2) ⋆ Dµ|(σ1,σ2)Ω
†
1(σ
2) ,
Dµ|(σ1,σ2+2π) = Ω2(σ
1) ⋆ Dµ|(σ1,σ2)Ω
†
2(σ
2) .
(3.26)
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A particular solution to these conditions, that in the commutative limit reduces to the previous
solution, is
D1 = ∂σ1 − iA
θ
1 = ∂σ1 , D2 = ∂σ2 − iA
θ
2 = ∂σ2 −
i
2π
mσ1
n−mθ
1 . (3.27)
Notice that the derivations ∂σµ on T(−θ) can be defined intrinsically by ∂σµUν = iδµνUν , and
therefore independently from the realization Uµ = e
iσµ with [σµ, σν ]⋆ = 2πiθ
µν .
The curvature corresponding to the connection Dµ is F
θ = i[D1,D2]⋆ =
1
2π
m
n−mθ1, a con-
stant proportional to the unit matrix. One can check that, taking into account the appropriate
normalization [2] of the integral on the noncommutative torus, the topological charge is indeed
1
2π
∫
tr(F θ) = m. Since the covariant derivatives satisfy the Heisenberg algebra the modules Eθn,m
with connection (Aθ1, A
θ
2) as in (3.27) are called Heisenberg modules.
The algebra of endomorphisms of Eθ := (R2θ)
⊕n is End(Eθ) = (R2θ)
⊕(n×n), that is, that of
all n × n matrix valued noncommutative functions on R2. The action on sections is the matrix
transformation φθ 7→ Ψθ ⋆ φθ. Of course, since this action is via ⋆-multiplication form the left, it
commutes with the action from the right of R2θ, we therefore have the bimodule E
θ ∈ End(Eθ)MR2
θ
.
The algebra of endomorphisms End(Eθn,m) is the subalgebra of End(E
θ) that preserves the twisted
boundary conditions (3.2): if φθ satisfies (3.2) then so does Ψθ ⋆ φθ. That is, endomorphisms
of Eθn,m are endomorphisms of E
θ that satisfy the twisted boundary conditions in the adjoint
representation
Ψθ(σ1 + 2π, σ2) = Ω1(σ
2) ⋆Ψθ(σ1, σ2) ⋆ Ω−11 (σ
2) ,
Ψθ(σ1, σ2 + 2π) = Ω2(σ
1) ⋆Ψθ(σ1, σ2) ⋆ Ω−12 (σ
2) .
(3.28)
The algebra End(Eθn,m) is generated by ⋆-multiplication with the U(n)-valued functions (see [8]
for a proof)
Zθ1 = e
iσ1
n−mθ V b , Zθ2 = e
iσ2
n U−b . (3.29)
Since Zθ1 ⋆ Z
θ
2 = e
2πiθˇZθ2 ⋆ Z
θ
1 , with θˇ =
a(−θ)+b
m(−θ)+n , and an − bm = 1, a, b ∈ Z, we see that with
this choice of generators the endomorphisms algebra is the torus algebra Tθˇ. Thus we have the
bimodule Eθn,m ∈ Tθˇ
MT(−θ) .
The connection (3.7) and the endomorphisms can be described directly on the solutions φ˜
rather than on the more geometric sections φθ. Proceeding as before, by star-multiplying from
the left with the U(n)-valued functions Zθ1 = e
iσ1
n−mθ V b and Zθ2 = e
iσ2
n U−b, as well as with the
covariant derivatives D1 = ∂1,D2 = ∂2−
i
2π
mσ1
n−mθ1, we arrive at the following proposition, cf. [7],
Proposition 2. Star multiplication from the left on the sections φθ(σ1, σ2) with the functions Zµ
induces the action Zµ ⊲ φ˜ of Zµ on the Schwartz functions φ˜ : R×Zm → C. Similarly, acting with
covariant derivatives Dµ on φ
θ(σ1, σ2) induces the action Dµ φ˜. Explicitly, using the shorthand
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notation (3.23),
(Zθµ ⋆ φ
θ)k (σ
1, σ2) =
∑
s∈Z
m∑
j=1
E(A,B) ⋆ (Zθµ ⊲ φ˜)j(
n
mA) ,
(Dµ φ
θ)k (σ
1, σ2) =
∑
s∈Z
m∑
j=1
E(A,B) ⋆ (Dµ φ˜)j(
n
mA) ,
(3.30)
with
(Zθ1 ⊲ φ˜)j(x) = φ˜j−a(x−
1
m) , (3.31)
(Zθ2 ⊲ φ˜)j(x) = φ˜j(x) e
2πi(
x
n−mθ−
j
m ) , (3.32)
(D1 φ˜)j(x) =
imx
n−mθ
φ˜j(x) , (3.33)
(D2 φ˜)j(x) =
1
2π
∂
∂x
φ˜j(x) , (3.34)
where in (3.31), a ∈ Z is such that an− bm = 1 with b ∈ Z.
For later use we observe that the connection Dµ induces derivations δˆ1, δˆ2, of the algebra of
endomorphisms of Eθn,m via the definition δˆµ(Ψ
θ) ⊲ φθ := Dµ(Ψ
θ ⊲ φθ) − Ψθ ⊲ Dµφ
θ. Since Dµ
is a constant curvature connection it is easy to compute [δˆ1, δˆ2] = 0, so that δˆ : ∂σµ 7→ δˆµ is a
representation on End(Eθn,m) of the abelian Lie algebra R
2 spanned by the derivations ∂σ1 , ∂σ2 on
the torus T(−θ). A simple explicit calculation, setting Ψ
θ = Zθν and using (3.31)-(3.34) gives
δˆµ(Z
θ
ν ) =
i
n−mθ
δµνZ
θ
ν . (3.35)
On the other hand End(Eθn,m) ≃ Tθˇ is generated by Z
θ
1 , Z
θ
2 and has canonical derivations ∂σˇµ
defined by ∂σˇµ(Z
θ
µ) = iδµνZ
θ
ν (the notation used follows from writing Z
θ
µ = e
iσˇµ with [σˇµ, σˇν ]⋆ˇ =
−2πiθˇµν). We thus conclude that
δˆµ =
1
n−mθ
∂σˇµ . (3.36)
By definition a complete (or gauge) Morita equivalence bimodule E ∈ TθˇMT (−θ) is a bimodule
with a (right module) constant curvature connection Dµ proportional to the identity and such
that the induced derivations δˆµ on End(E
θ
n,m) ≃ Tθˇ are an invertible linear combination of the
canonical derivations ∂σˇµ on Tθˇ, see [9]. We have seen that the Heisenberg bimodules E
θ
n,m are
complete Morita equivalence bimodules.
Notice that DLµ := (n−mθ)Dµ satisfies the left Leibnitz rule
DLµ (Z
θ
ν ⊲ φ˜) = ∂σˇµ(Z
θ
ν ) ⊲ φ˜+ Z
θ
ν ⊲ D
L
µ φ˜ = iδµνZ
θ
ν ⊲ φ˜+ Z
θ
ν ⊲ D
L
µ φ˜ (3.37)
hence DLµ is a left connection on the left Tθˇ-module E
θ
n,m. Another way of characterizing complete
(or gauge) Morita equivalence bimodules E ∈ TθˇMT (−θ) is then by requiring the right T(−θ)-
module constant curvature connection Dµ to be also, up to an invertible linear transformation, a
left Tθˇ-module connection.
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In this section we have described noncommutative vector bundles using ⋆-products. The
advantage of this deformation quantization approach is that we have a manifest dependence on
the deformation parameter θ. This naturally leads to generalize the Seiberg–Witten map of Section
2 by establishing a Seiberg–Witten map between classical sections in En,m and quantum sections
in Eθn,m. This Seiberg–Witten map is compatible with the bimodule structure of the Heisenberg
modules
Eθn,m ∈ TθˇMT(−θ) , θˇ =
a(−θ) + b
m(−θ) + n
(3.38)
with connection Aθµ and constant curvature F
θ = 12π
m
n−mθ1.
4 The Seiberg–Witten map on tori
In the preceding section we have described U(n)-vector bundles with connections and topological
charge m on tori and on noncommutative tori. On the other hand in the first section we have
recalled that the Seiberg–Witten map relates commutative to noncommutative gauge theories.
Here we first see that it is a quantization of U(n)-bundles with connections on R2 to U(n)-bundles
with connections on noncommutative R2. Then we construct an induced Seiberg–Witten map that
quantizes U(n)-bundles with connections on T to U(n)-bundles with connections on Tθ. While the
treatment in Section 2 and 4.1 is local, because on (one open chart) R2, in Section 4.2 we achieve a
global description of the Seiberg–Witten map on tori. In Section 4.3 we then compare the general
construction we perform with the description in Section 3.2 of bundles on noncommutative tori in
terms of the module of noncommutative sections Eθn,m. We find full ageement. On the one hand,
this frames the solution found in Eθn,m in the general Seiberg–Witten map deformation scheme. On
the other hand, it provides an explicit solution to the Seiberg–Witten equations and an example
of a formal deformation quantization that is actually non-formal, since θ can be specialized to
a real number and power series in θ can be summed and analytically continued to well defined
complex valued functions.
4.1 Seiberg–Witten map for bundles on R2
The Seiberg–Witten map presented in Section 2 can be seen as a quantization of U(n)-bundles with
connections on R2. Let’s describe a bundle with connection, togheter with a Poisson structure θ
on R2 via the triple (E ∈ End(E)MC∞(R2), Aµ, θ), where E = C
∞(R2)⊕n is the module of sections
of the trivial bundle R2 × Cn → R2, it is a bimodule E ∈ End(E)MC∞(R2), and Aµ (µ = 1, 2) are
the components of a connection. The Seiberg–Witten map provides a quantization of this bundle
to a U(n)-bundle with connection on the noncommutative plane R2θ:(
E ∈ End(E)MC∞(R2), Aµ, θ
) SW map
−−−−−−→
(
Eˆ = Eθ ∈
End(Eθ)
MR2
θ
, Aˆµ
)
, (4.1)
where the Aˆµ are determined by the recursive relation (2.12) of the Seiberg–Witten map for
connections. The noncommutative connection is a connection on the module of sections Eˆ =
Eθ := (R2θ)
⊕n (the trivial U(n)-vector bundle on R2θ). To see this, we observe that sections φ ∈
E = C∞(R2)⊕n are mapped via Seiberg–Witten map to sections φˆ ∈ (R2θ)
⊕n (the former transform
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under usual gauge transformations the latter under noncommutative gauge transformations) and
that the covariant derivative Dµ = ∂µ − iAµ : E → E is mapped to the covariant derivative
∂µ − iAˆµ : Eˆ → Eˆ (that acts via ⋆-multiplication by Aˆµ).
Similarly, bundle endomorphisms Ψ ∈ End(E) = C∞(R2)⊕(n×n), i.e., sections of the trivial
bundle R2 × Cn×n → R2, that transform in the adjoint representation, are mapped via Seiberg–
Witten map to bundle endomorphisms Ψˆ ∈ End(Eˆ) = (R2θ)
⊕(n×n), i.e., sections transforming in
the adjoint representation (with ⋆-product multiplication).
Let’s explicitly compute the Seiberg–Witten map for the trivial bundle on R2 with connection
(A1 = 0, A2 =
mσ1
n2π 1) as in (3.7). We see that since A1 = 0, and A2 depends only on the variable
σ1, then Ak1 = 0, and A
k
2 depends only on σ
1, so that Aˆ1 = 0, and Aˆ2 depends only on σ
1. It
follows that ∂1Aˆ2 = Fˆ12, henceforth (2.12) simplifies to
Ak+12 =
π θ
n+ 1
∂
∂σ1
k∑
p=0
Ap2A
k−p
2 . (4.2)
It is then easy to solve also for Aˆ2, and to obtain the noncommutative connection
Aˆ1 = 0 ,
Aˆ2 = A2
∞∑
k=0
(m
n
θ
)k
=
1
2π
mσ1
n−mθ
1 .
(4.3)
Notice that (Aˆ1, Aˆ2) = (A
θ
1, A
θ
2) as defined in (3.27).
We can also compute the Seiberg–Witten map for the endomorphisms Ωα ∈ End(E) =
C∞(R2)⊕(n×n) defined in (3.1). From the recursive solution for sections in the adjoint (2.20),
recalling that Aˆ1 = 0, it is easy to see that the noncommutative endomorphisms Ωˆα ∈ End(Eˆ) =
(R2θ)
⊕(n×n) coincide with the commutative ones:
Ωˆ1 = Ω1 = e
imσ2/nU , Ωˆ2 = Ω2 = V . (4.4)
Notice that we obtain this same result if instead of the Seiberg-Witten map (3.1) we use the more
general one (2.25) as long as Cˆ12(Ωα, Aˆ) = 0. Notice also that by choosing a specific expression
for the gauge potential we have fixed the gauge and therefore do not need to consider the Seiberg-
Witten maps (2.13) or (2.23) quantizing local infinitesimal gauge transformations.
4.2 Seiberg–Witten map for bundles on T
Since T ≃ R2/(2πZ)2 we have C∞(T ) →֒ C∞(R2) as the subalgebra of 2π-periodic functions,
moreover, sections of bundles on T can be seen as sections of bundles on R2 satisfying twisted
periodicity conditions. Similarly T(−θ) →֒ R
2
θ, and sections of modules on T(−θ) can be seen
as sections of the module Eˆ = (R2θ)
⊕n on R2θ satisfying noncommutative twisted periodicity
conditions.
Let (E , Aµ) be the module of sections and the connection of a bundle on a torus determined
by: i) a trivial bundle (E = C∞(R2)⊕n, Aµ) on the plane and ii) U(n)-valued functions on the
plane Ω1(σ
2), Ω2(σ
1) satisfying the classical cocycle condition (3.3). Let Aˆµ, Ωˆ1(σ
2), Ωˆ2(σ
1) be
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the corresponding Seiberg-Witten map quantizations. Let these latter satisfy the noncommutative
cocycle conditions
Ωˆ1(σ
2 + 2π) ⋆ Ωˆ2(σ
1) = Ωˆ2(σ
1 + 2π) ⋆ Ωˆ1(σ
2) , (4.5)
and, toghether with Aˆµ, the analogue of the noncommutative twised periodicity conditions (3.26).
Then,
Definition 1. We denote by (Eˆ , Aˆµ) the Seiberg–Witten map quantization of (E , Aµ), where Eˆ
is the subset of all elements in Eˆ = (R2θ)
⊕n that satisfy the noncommutative twisted periodicity
conditions (3.14) with Ωˆ1(σ
2), Ωˆ2(σ
1).
We also write (E , Aµ)
SW induced
−−−−−→ (Eˆ , Aˆµ) because the quantization of this bundle on the torus
is induced by the usual Seiberg–Witten map on the plane. It is immediate to see that Eˆ is a right
T(−θ)-module.
An example is given by (Eˆn,m, Aˆµ), the Seiberg–Witten quantization of (En,m, Aµ), where
(Aµ) = (A1, A2) = (0,
mσ1
n2π 1). It is defined by the quantized connection and endomorphisms
Aˆµ and Ωˆα computed in (4.3) and (4.4). They coincide with the connection of E
θ
n,m and the
endomorphisms defining Eθn,m, cf. (3.27) and (3.15). This shows (Eˆn,m, Aˆµ) = (E
θ
n,m, A
θ
µ).
We sharpen this result with the following commutative diagram:
(
E ∈ End(E)MC∞(R2), Aµ, θ
) SW map
−−−−−−−−→
(
Eˆ = Eθ ∈
End(Eθ)
MR2
θ
, Aˆµ
)
i
−֒−
−
−→
iθ
−֒−
−
−→
(
En,m ∈ End(En,m)MC∞(T ), Aµ, θ
) SW induced
−−−−−−−−−−→
(
Eˆn,m = E
θ
n,m ∈ End(Eθn,m)
MT(−θ) , Aˆµ
)
(4.6)
where by En,m ∈ End(En,m)MC∞(T )
i
→֒ E ∈ End(E)MC∞(R2) we mean that the module of sections
En,m is a linear subspace of E,
3 and that it is a bimodule over the subalgebras C∞(T ) →֒ C∞(R2)
and End(En,m) →֒ End(E), and similarly for the other map iθ.
Theorem 3. The induced Seiberg–Witten map on torus bundles (En,m, Aµ)
SW induced
−−−−−→ (Eˆn,m, Aˆµ)
satisfies the commutative diagram (4.6):
i) Let φ ∈ E satisfy the twisted boundary conditions (3.2), then its Seiberg–Witten quantization φˆ
satisfies the twisted boundary conditions (3.14), hence φˆ ∈ Eθn,m
ii) Let Ψ ∈ End(E) satisfy the twisted boundary conditions (3.9), then its Seiberg–Witten quanti-
zation Ψˆ satisfies the twisted boundary conditions (3.28), hence Ψˆ ∈ End(Eθn,m).
Proof. We have already shown that Aµ → Aˆµ = Aˆ
θ
µ, Ωα → Ωˆα = Ωα, proving that (En,m, Aµ)→
(Eˆn,m, Aˆµ) = (E
θ
n,m, A
θ
µ).
3With slight abuse of teminology, we call C[[θ]]-modules (and C[[θ]]-submodules) simply linear spaces
(and subspaces).
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i) Let φˆ|σ+2π = (Ω ⋆ φˆ)|σ be a shorthand notation for φˆ(σ
1 + 2π, σ2) = Ω1(σ
2) ⋆ φˆ(σ1, σ2) as
well as for φˆ(σ1, σ2 + 2π) = Ω2(σ
1) ⋆ φˆ(σ1, σ2). We show that
φˆ|σ+2π = (Ω ⋆ φˆ)|σ ⇒ φˆ
′
|σ+2π = (Ω ⋆
′ φˆ
′
)|σ , (4.7)
where we recall that ⋆′ and φˆ
′
are the star product and the Seiberg–Witten map at noncommu-
tativity parameter θ′. The proof then follows by setting θ = 0 and θ′ = θ in (4.7). Recalling the
uniqueness of the recursive solution (2.19) for φˆ, in order to prove (4.7), it is enough to prove its
infinitesimal version for θ′ = θ + δθ, i.e.,
δθφˆ|σ+2π = δ
θ(Ω ⋆ φˆ)|σ . (4.8)
The right hand side reads
δθ(Ω ⋆ φˆ)|σ = (Ω ⋆ δ
θφˆ)|σ + iπδθ
µν(∂µΩ ⋆ ∂ν φˆ)|σ = −πδθ
21(Ω ⋆ Aˆ2 ⋆ D1φˆ− i∂2Ω ⋆ D1φˆ)|σ
where we used that Ω1 and Ω2 are independent of θ = θ
12 = −θ21 (cf. (4.4)), the Seiberg–Witten
differential equation (2.17) for φˆ with Aˆ1 = 0 (cf. (4.3)) so that ∂1φˆ = D1φˆ, and we also used
that ∂1Ω1 = ∂1Ω2 = 0. We proceed similarly with the left hand side and obtain
δθφˆ|σ+2π = −πδθ
21(Aˆ2 ⋆ D1φˆ)|σ+2π = −πδθ
21Aˆ2|σ+2π ⋆ D1φˆ|σ+2π
= −πδθ21(Ω ⋆ Aˆ2 ⋆ D1φˆ+ iΩ ⋆ ∂2Ω
−1 ⋆ Ω ⋆ D1φˆ)
= δθ(Ω ⋆ φˆ)|σ (4.9)
where in the first line we used invariance of the ⋆-product under constant translations, while in
the second line the twisted periodicity conditions satisfied by the connection: Aˆ2|σ+2π = (Ω⋆ Aˆ2 ⋆
Ω−1 + iΩ ⋆ ∂2Ω
−1)|σ , cf. (3.26), and by the section D1φˆ. This proves i). The proof of ii) is very
similar and left to the reader.
More in general, as it is clear from the proof, the induced Seiberg–Witten map quantizes
U(n)-bundles on noncommutative tori:
(
Eˆn,m = E
θ
n,m ∈ End(Eθn,m)
MT(−θ) , Aˆµ
) SW θ′
θ
−−−−−−→
(
Eˆ
′
n,m = E
θ′
n,m ∈ End(Eθ′n,m)
MT(−θ′) , Aˆ
′
µ
)
. (4.10)
We also notice that there are two ways to quantize the algebra of endomorphisms End(En,m):
on the one hand End(En,m) is just the algebra Tθ˜|θ=0 with θ˜|θ=0 =
a(−θ)+b
m(−θ)+n |θ=0, and its quantiza-
tion with respect to 0→ θ is ̂End(En,m) = Tθ˜ with θ˜ =
a(−θ)+b
m(−θ)+n . On the other hand we can first
quantize En,m to Eˆn,m and then consider the algebra of endomorphisms of this latter: End(Eˆn,m).
Since Eˆn,m = E
θ
n,m as a corollary of Theorem 3 we immediately have that these two alternative
quantization routes are equivalent: ̂End(En,m) = End(Eˆn,m) .
In Section 2.1 we have studied the ambiguities in the Seiberg–Witten differential equations
and seen that they lead in general to different Seiberg–Witten maps. In the present context
and for later use we focus on the ambiguities in the Seiberg–Witten map arising from allowing a
nonvanishing term Cˆµν for matter fields (and keeping Dˆµνk = 0 and Eˆµν = 0). We can generalize
Theorem 3 to this case
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Theorem 4. Consider the generalized Seiberg-Witten map defined by the differential equations
(2.22)-(2.25) with Dˆµν = 0, Eˆµν = 0 and arbitrary Cˆµν = Cˆµν(Dµ, Fˆ , φˆ, θ) transforming in the fun-
damental, respectively Cˆµν = Cˆµν(Dµ, Fˆ , Ψˆ, θ) transforming in the adjoint. If Cˆµν(Dµ, Fˆ , Ωˆα, θ) =
0, (i = 1, 2), the induced Seiberg–Witten map on torus bundles determined by diagram (4.6) quan-
tizes (En,m, Aµ) to (Eˆn,m, Aˆµ) = (E
θ
n,m, A
θ
µ), and it is well defined, consistently quantizing φ ∈ En,m
to φˆ ∈ Eθn,m and Ψ ∈ End(En,m) to Ψˆ ∈ End(E
θ
n,m).
Proof. Since Cˆµν(Dµ, Fˆ , Ωˆα, θ) = 0, Only the Seiberg-Witten map for the matter fields φ and Ψ
has changed, so we still have (Eˆn,m, Aˆµ) = (E
θ
n,m, A
θ
µ). If Cˆµν = Cˆµν(Dµ, Fˆ , φˆ, θ) transforms in
the fundamental it is a section of Eˆ = Eθ = (R2θ)
⊕n. Since Eˆµν = 0, condition (2.27) is satisfied
(and similarly for Cˆµν = Cˆµν(Dµ, F
θ, Ψˆ, θ) in the adjoint). Since Dµ, F
θ and φˆ all satisfy the
twisted periodicity conditions it follows that Cˆµν |σ+2π = (Ω ⋆ Cˆµν)|σ i.e., that Cˆµν is a section
of Eθn,m (and similarly Cˆµν(Dµ, F
θ, Ψˆ, θ) ∈ End(Eθn,m)). We now repeat the proof of Theorem
3 and observe that the left hand side in (4.8) has the extra term −π2 δθ
µνCˆµν |σ+2π while the
right hand side has the extra term −π2 δθ
µν(Ω ⋆ Cˆµν)|σ . These two extra terms are equal because
we just observed that Cˆµν is a section of E
θ
n,m. A similar argument holds for the adjoint case
Cˆµν = Cˆµν(Dµ, F
θ
µν , Ψˆ, θ).
Examples of nontrivial Cˆ12 terms for fields in the adjoint that vanish on Ωα ∈ End(E) =
C∞(R2)⊕(n×n) are Cˆµν(Dµ, F
θ
µν ,Ωα, θ) = −iD1D2Ωα = −D2D1Ω1 = 0 and −iD1D1Ωα = 0
(indeed recall the definition of Ωα in (3.1), use that [D1,D2]Ψ = −i[F,Ψ] = 0 since F is constant
and proportional to the unit matrix, and that D1 = ∂σ1). These Cˆ12 terms therefore satisfy
Cˆµν(Dµ, Fˆ , Ωˆα, θ) = 0 since Ωˆα = Ωα.
4.3 Explicit solutions: Ho’s sections φθ, Zθµ
We here show that the Seiberg-Witten quantization of the sections φ ∈ En,m in the fundamental,
and of the sections Ψ ∈ End(En,m) in the adjoint, generated by Zµ, gives the sections φ
θ ∈ Eθn,m
and Ψθ ∈ End(Eθn,m) that are generated by Z
θ
µ as described in Section 3.2. This shows that the
solutions presented in [7] fits into the framework of Seiberg–Witten maps. It also provides explicit
closed form solutions to the Seiberg–Witten map equations for nontrivial bundles.
We begin with the generators Zµ ∈ End(En,m).
Proposition 5. The Seiberg–Witten quantization according to Theorem 3 of the generators Zµ ∈
End(En,m) defined in (3.10) as Z1 = e
iσ1
n V b, Z2 = e
iσ2
n U−b, gives the generators Zˆµ = Z
θ
µ ∈
End(Eθn,m) defined in (3.29) as Z
θ
1 = e
iσ1
n−mθ V b, Zθ2 = e
iσ2
n U−b.
Proof. The Seiberg–Witten equation (2.18) for sections in the adjoint representation with con-
nection (4.3) reads
∂Zˆµ
∂θ
= π
{
Aˆ2, ∂1Zˆµ
}
⋆
. (4.11)
We show that Zθ1 = e
iσ1
n−mθ V b and Zθ2 = e
iσ2
n U−b satisfy (4.11) (and of course the initial conditions
Zθµ|θ=0 = Zµ). For µ = 1, we note that due to the dependence of Z
θ
1 and Aˆ2 only on σ
1, the star
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product on the right hand side of (4.11) reduces to the usual matrix product and gives (since Aˆ2
is proportional to the unit matrix)
2π Aˆ2 · ∂1Z
θ
1 =
imσ1
(n−mθ)2
e
iσ1
n−mθ V b , (4.12)
which coincides with the left hand side ∂Zθµ/∂θ. The case µ = 2 is trivial due to the independence
of Zθ2 with respect to θ and its dependence solely on σ
2.
In Proposition 5 we have just quantized the generators Zµ of sections in the adjoint rep-
resentation. In general, the Seiberg–Witten map quantizes an arbitrary section in the adjoint
Ψ ∈ End(En,m) to Ψˆ ∈ End(E
θ
n,m). We can use the ambiguities in the Seiberg–Witten maps to
single out the one that quantizes Zµ to Ẑµ = Z
θ
µ and that is compatible with a specific ordering
of the generators of the algebras End(En,m) and End(E
θ
n,m).
For example we study the Seiberg–Witten map that to the ordered monomial Z1
pZ2
q associates
the ordered monomial Ẑ1
pZ2
q = Ẑ1
p ⋆ Ẑ2
q = Zθ1
p
⋆ Zθ2
q
(powers and ⋆-powers of Z1 and Z2
coincide). We compute
∂
∂θ
(Zθ1
p
⋆ Zθ2
q
)− π
{
Aˆ2, ∂1(Z
θ
1
p
⋆ Zθ2
q
)
}
⋆
= πi ∂1Z
θ
1
p
⋆ ∂2Z
θ
2
q
+
∂Zθ1
p
∂θ
⋆ Zθ2
q
− π
(
Aˆ2 ⋆ ∂1Z
θ
1
p
⋆ Zθ2
q
+ ∂1Z
θ
1
p
⋆ Zθ2
q
⋆ Aˆ2
)
= πi ∂1Z
θ
1
p
⋆ ∂2Z
θ
2
q
+
∂Zθ1
p
∂θ
⋆ Zθ2
q
− π
(
{Aˆ2 , ∂1Z
θ
1
p
}⋆ ⋆ Z
θ
2
q
− ∂1Z
θ
1
p
⋆ [Aˆ2 , Z
θ
2
q
]⋆
)
= πi ∂1Z
θ
1
p
⋆ D2Z
θ
2
q
= πi ∂1(Z
θ
1
p
⋆ D2Z
θ
2
q
) = πi ∂1D2(Z
θ
1
p
⋆ Zθ2
q
)
= πiD1D2(Z
θ
1
p
⋆ Zθ2
q
) , (4.13)
where in the second line we used that Zθ2 = Z2 is independent from θ and σ1, in the third line we
used that (4.11) implies ∂Zθ1
p
/∂θ = π
{
Aˆ2, ∂1Z
θ
µ
p}
⋆
, in the fourth line that D2Z
θ
2
q
is independent
from σ1 and that D2Z
θ
1
p
= 0. We therefore see that the relevant Seiberg–Witten map is given by
the Seiberg–Witten differential equation
∂Ψ̂
∂θ
= π
{
Aˆ2, ∂1Ψ̂
}
⋆
+ πiD1D2Ψ̂ ; (4.14)
comparison with (2.25) shows that it corresponds to the choice Cˆ12 = −Cˆ21 = −iD1D2Ψˆ. Here
Ψ̂ is more generally any linear combination of ordered monomials in Zθ1 , Z
θ
2 .
Remark 6. If we choose the opposite ordering, Z2
qZ1
p → Ẑ2
qZ1
p = Ẑ2
q ⋆ Ẑ1
p = Zθ2
q
⋆
Zθ1
p
, the corresponding Seiberg–Witten differential equation is (4.14) with −πiD1D2Ψ̂ instead
of +πiD1D2Ψ̂. Since Z
θ
1
p
⋆ Zθ2
q
− e2πipqθˇZθ2
q
⋆ Zθ1
p
= 0, cf. text after (3.29), the ordering
Zθ1
p
⋆Zθ2
q
+e2πipqθˇZθ2
q
⋆Zθ1
p
satisfies the standard Seiberg–Witten differential equation with Cˆ12 =
0; the corresponding map quantizes Z1
p Z2
q + e2πipq
b
nZ2
q Z1
p to Zθ1
p
⋆ Zθ2
q
+ e2πipqθˇZθ2
q
⋆ Zθ1
p
.
These three different Seiberg–Witten maps are easily seen to coincide on the generators Zµ.
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We now study the Seiberg-Witten quantization of sections in the fundamental representation.
In [7], the quantum section φθ in (3.22) was given. It is natural to ask how this solution fits in
the framework of Seiberg–Witten quantization. To this aim we study the θ-dependence of the
quantum section φθ in (3.22).
Lemma 7. The quantum section φθ = (φθk)k=1,...n in (3.22) satisfies the differential equation:
∂
∂θ
φθ − πAˆ2 ⋆ ∂1φ
θ = 3π Fˆ ⋆ φθ + iπ D1D2φ
θ . (4.15)
Proof. For convenience, let us recall (3.22): φθk(σ
1, σ2) =
∑
s∈Z
m∑
j=1
E(A,B) ⋆ φ˜j(
n
mA) , where A =
m
n (
σ2
2π + k+ ns) + j, B = iσ
1 and E(A,B) is defined in (3.16). The derivative of φθ = (φθk)k=1,...n
with respect to θ gives
∂
∂θ
φθ =
∑
s,j
(( ∂
∂θ
E(A,B)
)
⋆ φ˜j(
m
nA) + iπ∂1E(A,B) ⋆ ∂2φ˜j(
n
mA)
)
. (4.16)
The derivative of E(A,B) with respect to θ is given by (use p(p−1)! =
1
(p−1)! +
p−1
(p−1)! , and use
Lemma 1 in the third line)
∂
∂θ
E(A,B) =
∂
∂θ
( 1
1− mn θ
∞∑
p=0
1
p!
Ap ⋆ Bp
)
=
m
n−mθ
E(A,B) +
1
2
m
n
(
E(A,B) +A ⋆ E(A,B) ⋆ B
)
,
=
m
n−mθ
E(A,B) +
1
2
m
n
E(A,B) +
1
2
m
n−mθ
A ⋆ B ⋆ E(A,B) . (4.17)
The second term in (4.16) gives, using Lemma 2 and that ∂1 = D1,
iπ∂1
∑
s,j
E(A,B) ⋆ ∂2φ˜j(
n
mA) = iπD1D2 φ
θ . (4.18)
Summarizing, the θ-derivative of the section φθ is given by
∂
∂θ
φθ =
( m
n−mθ
+
1
2
m
n
)
φθ +
∑
s,j
1
2
m
n−mθ
A ⋆ B ⋆ E(A,B) ⋆ φ˜j(
n
mA) + iπ D1D2 φ
θ . (4.19)
Furthermore, ∂1E(A,B) = iA ⋆ E(A,B) implies
π Aˆ2 ⋆ ∂1φ
θ =
1
2
m
n−mθ
∑
s,j
B ⋆ A ⋆ E(A,B) ⋆ φ˜j . (4.20)
Hence, we arrive at
∂
∂θ
φθ − πAˆ2 ⋆ ∂1φ
θ =
( m
n−mθ
+
1
2
m
n
)
φθ + iπ D1D2 φ
θ
+
∑
s,j
1
2
m
n−mθ
(
A ⋆ B −B ⋆ A
)
⋆ E(A,B) ⋆ φ˜j(
n
mA)
=
3
2
m
n−mθ
φθ + iπ D1D2 φ
θ
= 3π Fˆ ⋆ φθ + iπ D1D2φ
θ (4.21)
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where in the last line we used Fˆ = i[D1,D2] =
1
2π
m
n−mθ1.
Comparison of (4.15) with the (generalized) Seiberg–Witten differential equation for fields in
the fundamental representation shows that (4.15) equals (2.24) with
Cˆ12(φˆ, Aˆ) = −Cˆ21(φˆ, Aˆ) = −3Fˆ ⋆ φ
θ − iD1D2φ
θ . (4.22)
The same operator −3Fˆ−iD1D2 acting in the adjoint reads Cˆ12(Ψˆ, Aˆ) = −Cˆ21(Ψˆ, Aˆ) = −iD1D2Ψˆ
(use [Fˆ , Ψ̂]⋆ = 0 since Fˆ is constant and proportional to the identity). In particular, for the sections
Ωˆα = Ωα ∈ End(E
θ) = (R2θ)
⊕(n×n), we have Cˆ12(Ωˆα, Aˆ) = 0. These expressions transform
covariantly under gauge transformations (they are sections of Eθ = (R2θ)
⊕n; cf. also (2.34), and of
End(Eθ) = (R2θ)
⊕(n×n)) and the corresponding (generalized) Seiberg–Witten map is a quantization
of bundles on tori as shown in Theorem 4. We thus conclude that
Theorem 8. The Seiberg–Witten map with Cˆµν given by the operator −3Fˆ − iD1D2 quantizes,
following Theorem 4, (En,m, Aµ) to (Eˆn,m, Aˆµ) = (E
θ
n,m, A
θ
µ); the sections φ ∈ En,m defined in (3.5)
to the sections φˆ = φθ ∈ Eθn,m as defined in (3.22); the adjoint sections Z1
pZ2
q ∈ End(En,m) to
Zθ1
p
⋆ Zθ2
q
∈ End(Eθn,m).
We have recovered within the framework of Seiberg–Witten map Ho’s solutions φθ ∈ Eθn,m
and Zθµ ∈ End(E
θ
n,m) to the noncommutative periodicity conditions. It follows that this Seiberg–
Witten framework, initially developed in the context of deformation quantization with θ a formal
deformation parameter, can be specialized to θ ∈ R−{mn }. Indeed the ⋆-product can be completed
to a nonformal product à la Rieffel, and the connection Aˆµ, and the sections φ
θ, Zθµ are well defined
for θ ∈ R− {mn }.
5 Morita equivalence, T-duality and Seiberg–Witten map
Here we briefly review how Morita equivalence implements T-duality of Yang-Mills theories and
show the compatibility of the Seiberg–Witten maps with T-duality transformations.
Two (associative and unital) algebras A and A˜ are Morita equivalent if their categories of right
modules MA and MA˜ are equivalent. By a theorem of Morita two algebras A and A˜ are Morita
equivalent if and only if there exists a finitely generated and projective A-module E ∈ MA such
that every other A module is a quotient of E⊕N for some integer N . In this case E ∈ AMA˜ is
called a Morita equivalence bimodule. The equivalence between the categories of representations
MA andMA˜ is easily constructed via E ∈ AMA˜ . The main point is that given a module E ∈ MA
the tensor product over A with E ∈ AMA˜ gives a module E˜ = E ⊗A E ∈ MA˜, and morphisms of
MA modules ϕ : E → F are mapped to morphisms of MA˜ modules ϕ⊗A id : E ⊗A E → F ⊗A E .
The bimodules Eθn,m, n > 0, m 6= 0, n,m relatively prime, in Section 3.2 (Heisenberg modules) are
examples of Morita equivalence bimodules and prove Morita equivalence of 2-dimensional tori T(−θ˜)
and T(−θ) related by a fractional SL(2,Z) transformation: (−θ˜) =
a(−θ)+b
m(−θ)+n with
(
a
m
b
n
)
∈ SL(2,Z).
Since T(−θ) is isomorphic to Tθ we further have that 2-dimensional tori Tθ˜ and T(−θ) related by a
fractional GL(2,Z) transformation are Morita equivalent. This is also a necessary condition: The
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2-dimensional tori T(−θ˜) and T(−θ) are Morita equivalent, if and only if
4 −θ˜ = a(−θ)+bm(−θ)+n , with(
a
m
b
n
)
∈ GL(2,Z), [6].
In order to study the equivalence of categories between Morita equivalent torus algebras we
consider the Heisenberg module E
1
s−θ
0,1 , s ∈ Z, that is a bimodule in T(−θ)MT( 1
θ−s
)
, accounting for
the transformation −θ → 1θ−s . We recall from Section 3.2, that E
1
s−θ
0,1 = E
1
s−θ
+1
1,1 is the module of
sections of the U(1)-bundle over T( 1
θ−s
+1) with charge m = 1, algebraically it is the vector space
of Schwartz functions on R, with right T( 1
θ−s
)-action given by
(φ˜ ⊳ U1)(x) = φ˜
(
x+
1
s− θ
)
, (φ˜ ⊳ U2)(x) = φ˜(x) e
2πix . (5.1)
The algebra T(−θ) of endomorphisms is generated by
(Z1 ⊲ φ˜)(x) = φ˜(x− 1) , (Z2 ⊲ φ˜)(x) = φ˜(x) e
2πix(θ−s) = φ˜(x) e2πixθ , (5.2)
while the connection is
D1φ˜(x) =
−ix
θ
φ˜j(x) , D2 φ˜(x) =
1
2π
∂
∂x
φ˜(x) . (5.3)
Since any projective module over T(−θ) is equivalent to a direct sum of Heisenberg modules E
θ
n,m
(n ≥ 0, m 6= 0, n,m relatively prime) or the trivial module T(−θ), it is sufficient to describe the
transformations of these modules under a Morita equivalence bimodule E
1
s−θ
0,1 , s ∈ Z in order to
know it on every module in MT(−θ) .
We have an isomorphism (see for example the outlined explicit derivation in [9, §3])
Eθn,m ⊗T(−θ) E
1
s−θ
0,1 ≃ E
1
s−θ
m,−n+ms , (5.4)
in particular, both left hand side and right hand side are left Tθˇ -modules with θˇ =
a(−θ)+b
m(−θ)+n .
We see that under the Morita equivalence bimodule E
1
s−θ
0,1 the module E
θ
n,m is mapped (up to
equivalence) to the module E θ˜n˜,m˜ = E
1
s−θ
m,−n+ms, thus θ 7→ θ˜ =
(
0
−1
1
s
)
θ = 1s−θ ,
(
n
m
)
7→
(
n˜
m˜
)
=(
0
−1
1
s
)(
n
m
)
=
(
m
−n+ms
)
.
Similarly, let’s define the bimodule Eθ+11,0 ∈ T(−θ)MT(−θ−1) to be T(−θ) as a left T(−θ)-module,
with right T(−θ−1)-action defined by e⊳U
T(−θ−1)
µ = eUµ, where e ∈ E
θ+1
1,0 , U
T(−θ−1)
µ are the generators
of T(−θ−1), Uµ those of T(−θ) and eUµ is the product in T(−θ). Then it is easy to show that
Eθn,m ⊗T(−θ) E
θ+1
1,0 ≃ E
θ+1
n+m,m . (5.5)
4There are different notions of Morita equivalence: the one just recalled for algebras (and more generally
rings), a stronger notion for C∗-algebras, and, in the case of (multidimensional) tori, an even stronger one
called complete Morita equivalence of smooth noncommutative tori [9] (called gauge Morita equivalence in
[20]). These notions for 2-dimensional tori are all equivalent (the bimodules Eθn,m can be completed to full
Hilbert modules providing C∗-algebra Morita equivalence, and they are Heisenberg modules with constant
curvature connections that provide complete Morita equivalence).
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Indeed using the nonvanishing global section 1 ∈ Eθ+11,0 we write a generic section of E
θ
n,m⊗T(−θ)E
θ+1
1,0
as φ˜⊗T(−θ) 1. We prove the equivalence (5.5) by showing that φ˜⊗T(−θ) 1 transforms as a section
of Eθ+1n+m,m,
(
(φ˜⊗T(−θ) 1) ⊳ U
T(−θ−1)
1
)
j
(x) = (φ˜⊗T(−θ) 1)j−1
(
x−
n+m
m
+ (θ + 1)
)
, (5.6)
(
(φ˜⊗T(−θ) 1) ⊳ U
T(−θ−1)
2
)
j
(x) = (φ˜⊗T(−θ) 1)j
(
x) e2πi(x−j(n+m)/m) .
E.g. (5.6) follows from (φ˜⊗T(−θ) 1)⊳U
T(−θ−1)
1 = φ˜⊗T(−θ) 1⊳U
T(−θ−1)
1 = φ˜⊗T(−θ)U1 = φ˜⊳U1⊗T(−θ) 1,
and
(
φ˜ ⊳ U1 ⊗T(−θ) 1)j(x) = φ˜j−1(x−
n
m + θ)⊗T(−θ) 1 = (φ˜⊗T(−θ) 1)j−1
(
x− n+mm + (θ + 1)
)
. We
have seen that tensoring with the Morita equivalence bimodule Eθ+11,0 ∈ T(−θ)MT(−θ−1) gives the
map Eθn,m 7→ E
θ˜
n˜,m˜ = E
θ+1
n+m,m, thus θ 7→ θ˜ =
(
1
0
1
1
)
θ = θ + 1,
(
n
m
)
7→
(
n˜
m˜
)
=
(
1
0
1
1
)(
n
m
)
=
(
n+m
m
)
.
We similarly constuct a bimodule E−θ1,0 that realizes the isomorphism T(−θ) ≃ Tθ as a Morita
equivalence. By definition E−θ1,0 ∈ T(−θ)MT(θ) is T(−θ) itself as a left T(−θ)-module, while the
right Tθ-action on E
−θ
1,0 is defined by e ⊳ U
Tθ
1 = eU
−1
1 , e ⊳ U
Tθ
2 = eU2, where e ∈ E
θ+1
1,0 , U
Tθ
µ are
the generators of Tθ, Uµ those of T(−θ) and eU
±1
µ is the product in T(−θ). A generic section of
Eθn,m ⊗T(−θ) E
−θ
1,0 is φ˜⊗T(−θ) 1 with φ˜ a section of E
θ
n,m. We show that
Eθn,m ⊗T(−θ) E
−θ
1,0 ≃ E
−θ
n,−m (5.7)
by showing that the map φ˜ ⊗ 1 7→ ι(φ˜ ⊗ 1) defined by ι(φ˜ ⊗ 1)j(x) = φ˜|m|−j(x), (we can assume
|m| − j = 1, 2, ...|m| due to Z|m| cyclicity) is a right Tθ-module isomorphism. Proof: We have to
show that ι((φ˜⊗ 1) ⊳ UTθµ ) = ι(φ˜⊗ 1) ⊳ U
Tθ
µ . Indeed,
ι((φ˜⊗ 1) ⊳ UTθ1 )j(x) = ι(φ˜ ⊳ U
−1
1 ⊗ 1)j(x) = (φ˜ ⊳ U
−1
1 )|m|−j(x) = φ˜|m|−j+1(x+
n
m
− θ)
= ι(φ˜⊗ 1)j−1(x+
n
m
− θ) = (ι(φ˜⊗ 1) ⊳ UTθ1 )j(x) , (5.8)
and similarly for UTθ2 . We have seen that tensoring with the Morita equivalence bimodule E
−θ
1,0
gives the transformation (up to equivalence) Eθn,m 7→ E
θ˜
n˜,m˜ = E
θ+1
n+m,m, thus θ 7→ θ˜ =
(
1
0
0
−1
)
θ =
−θ ,
(
n
m
)
7→
(
n˜
m˜
)
=
(
1
0
0
−1
)(
n
m
)
=
(
n
−m
)
.
Since SL(2,Z) is generated by
(
0
−1
1
0
)
and
(
1
0
1
1
)
, and GL(2,Z) by considering also
(
1
0
0
−1
)
, we
see that (5.4), (5.5) and (5.7) generate the whole nongeometric GL(2,Z) duality group that acts
on the modules Eθn,m ∈ MT(−θ) as
θ 7→ θ˜ =
aθ + b
mθ + n
,
(
n
m
)
7→
(
n˜
m˜
)
=
(
a b
c d
)(
n
m
)
,
(
a b
c d
)
∈ GL(2,Z) . (5.9)
We now describe how the equivalence of the categories of modulesMT(−θ) andMT(−θ˜) (with θ˜
in the same GL(2,Z) orbit of θ) is extended to an equivalence between modules with connections,
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called complete (or gauge) Morita equivalence. This is due to the canonical connections of the
bimodules E
1
s−θ
0,1 and E
θ+1
1,0 , that correspondingly define these bimodules as complete (or gauge)
Morita equivalence bimodules, see definition after (3.36). It is this gauge Morita equivalence that
implements T -duality transformations between gauge theories on noncommutative bundles Eθn,m
on T(−θ) and E
θ˜
n˜,m˜ on T(−θ˜).
To any (right) connection ∇µ on E
θ
n,m there canonically corresponds a connection on the tensor
product bundle Eθn,m⊗T(−θ)E
1
s−θ
0,1 given by the sum (θ−s)∇µ⊗id+id⊗Dµ where Dµ is the canonical
constant curvature connection of the Heisenberg module E
1
s−θ
0,1 . Explicitly, for φ˜ ∈ E
θ
n,m, φ˜
′ ∈ E
1
s−θ
0,1 ,(
(θ− s)∇µ⊗ id + id⊗Dµ
)
(φ˜⊗T(−θ) φ˜
′) = (θ− s)∇µφ˜⊗T(−θ) φ˜
′ + φ˜⊗T(−θ) Dµφ˜
′. The rescaling by
θ−s is needed in order for the canonical derivations ∂σµ of T(−θ) (entering the Leibniz rule for the
connection ∇µ) to match the derivations δˆµ on End(E
1
s−θ
0,1 ) ≃ T(−θ) induced from the connection
Dµ as in (3.36). Indeed this matching insures that the sum (θ − s)∇µ ⊗ id + id ⊗ Dµ is well
defined on Eθn,m ⊗T(−θ) E
1
s−θ
0,1 , meaning that since the tensor product is over T(−θ), the connection
on φ˜a⊗T(−θ) φ˜
′ equals that on φ˜⊗T(−θ) aφ˜
′, for all a ∈ T(−θ).
As a special case we can choose ∇µ = Dµ, where this latter is the canonical constant curva-
ture connection of the Heisenberg module Eθn,m. Then E
θ
n,m ⊗T(−θ) E
1
s−θ
0,1 has constant curvature
connection Dµ := (θ − s)Dµ ⊗ id + id ⊗ Dµ, indeed the curvature is easily computed to be
F12 = i[D1,D2] =
1
2π (θ−s)
n−ms
n−mθ1. Furthermore, this curvature coincides with that of the Heisen-
berg module E
1
s−θ
m,−n+ms. This proves that the equivalence E
θ
n,m⊗T(−θ) E
1
s−θ
0,1 ≃ E
1
s−θ
m,−n+ms extends to
an equivalence between Heisenberg modules, i.e., modules with constant curvature connections.
Similarly, to any connection ∇µ on E
θ
n,m there canonically corresponds a connection on the
tensor product bundle Eθn,m ⊗T(−θ) E
θ+1
1,0 given by the sum ∇µ ⊗ id + id ⊗ ∂σµ where ∂σµ is the
canonical flat connection of the trivial line bundle Eθ+11,0 ≃ T(−θ). We see that the curvature is
unchanged. It is also intructive to consider the case Eθn,m⊗T(−θ) E
−θ
1,0 . The canonical flat connection
of the right Tθ-module E
−θ
1,0 is ∂−σ1 , ∂σ2 , indeed these are the canonical derivations of Tθ with
generators UTθ1 = U
−1
1 , U
Tθ
2 = U2, if ∂σ1 , ∂σ2 are those of T(−θ) with generators U1, U2. Matching
the derivations δˆµ induced as in (3.35) by the connection ∂−σ1 , ∂σ2 of E
−θ
1,0 with the derivations
∂σ1 , ∂σ2 of T(−θ) (defining the Leibnitz rule of the connection ∇µ of E
θ
n,m) we obtain the connection
−∇1 ⊗ id + id ⊗ ∂−σ1 , ∇2 ⊗ id + id ⊗ ∂σ2 on the tensor product bundle E
θ
n,m ⊗T(−θ) E
−θ
1,0 . Notice
that its curvature is the opposite of that of Eθn,m.
As we have seen in the previous section, the Seiberg–Witten map quantizes the Heisenberg
modules En,m. It is therefore natural to ask if Seiberg–Witten map quantization is compatible with
complete Morita equivalence, i.e. if to a given Seiberg–Witten quantization there corresponds a
Seiberg–Witten quantization of the T-dual modules. This is expected since the Seiberg–Witten
quantization of En,m is Eˆn,m = E
θ
n,m. We indeed give a positive answer in the following section.
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5.1 Compatibility of Seiberg–Witten maps with T-duality
Since GL(2,Z) is generated by
(
0
−1
1
0
)
,
(
1
0
1
1
)
and
(
1
0
0
−1
)
, corresponding to θ 7→ −1/θ, θ 7→ θ + 1,
θ 7→ −θ, it sufficies to prove compatibility with these transformations. For example, the nontrivial
dualities θ → −1θ−s , s ∈ Z (including that of the generator
(
0
−1
1
0
)
) are compatible with the Seiberg–
Witten quantization maps according to the following commutative diagram
(
Eθn,m ∈ End(Eθn,m)
MT(−θ) , A
θ
µ
) ⊗T(−θ) (E 1s−θ0,1 , Dµ)
−−−−−−−−−−−−−→
(
E
θ˜= 1
s−θ
m,−n+ms ∈ End(E θ˜m,−n+ms)
MT(−θ˜)
, Aθ˜µ
)
SW θ
′
θ
y SW θ˜
′
θ˜
y
(
Eθ
′
n,m ∈ End(Eθ′n,m)
MT(−θ′)
, Aθ
′
µ
) ⊗T(−θ′) (E 1s−θ′0,1 ,Dµ)
−−−−−−−−−−−−−−→
(
E
θ˜
′
=θ˜′ = 1
s−θ′
m,−n+ms ∈ End(E θ˜ ′m,−n+ms)
MT(−θ˜ ′)
, Aθ˜
′
µ
)
(5.10)
where the vertical arrow SW θ
′
θ denotes one of the Seiberg–Witten maps of Theorem 4, from θ to
θ′, cf. (4.10), and similarly for SW
θ˜
′
θ˜
, while the horizontal arrow ⊗T(−θ)(E
1
s−θ
0,1 , Dµ) denotes the
map of Heisenberg modules with connections to Heisenberg modules with connection obtained
via the complete Morita equivalence bimodule (E
1
s−θ
0,1 , Dµ), and similarly for the lower horizontal
arrow.
The commutativity of the diagram is due to the definition θ˜
′
= θ˜′ in the Seiberg–Witten
map SW
θ˜
′
θ˜
. The Seiberg–Witten map also relates the equivalence bimodules with connection
(E
1
s−θ
0,1 , Dµ) and (E
1
s−θ′
0,1 , Dµ) used to obtain the T -dual modules in the right hand side of the
diagram. Just recall that (Eθ0,1, Dµ) = (E
θ+1
1,1 , Dµ) is the module of sections of the U(1)-bundle
over T( 1
θ−s
+1) with charge m = 1, cf. (5.1)-(5.3), and conclude that the corresponding Seiberg–
Witten map is
(E
1
s−θ
0,1 , Dµ) = (E
1
s−θ
+1
1,1 , Dµ)
SW
1
s−θ′
+1
1
s−θ
+1
−−−−−−−−→ (E
1
s−θ′
+1
1,1 , Dµ) = (E
1
s−θ′
0,1 , Dµ) .
(5.11)
The commutativity of the diagrams like (5.10) but for the other two T -duality transformations(
1
0
1
1
)
and
(
1
0
0
−1
)
, is straighforward, just consider the upper horizontal arrows with (Eθ+11,0 ,Dµ), re-
spectively (E−θ1,0 ,Dµ), and similarly with θ → θ
′ for the lower horizontal arrows. Then consider
SW θ
′+1
θ+1 , respectively SW
−θ′
−θ in the right hand side of the corresponding diagrams. Correspond-
ingly, the Seiberg–Witten map (5.11) is replaced by SW θ
′+1
θ+1 : (E
θ+1
1,0 ,Dµ) → (E
θ′+1
1,0 ,Dµ), respec-
tively SW−θ
′
−θ : (E
−θ
1,0 ,Dµ)→ (E
−θ′
1,0 ,Dµ) .
In conclusion we have that Seiberg–Witten maps are compatible with complete Morita equiv-
alence.
Finally we mention that the Seiberg–Witten map SW θ+1θ always differs from a Morita equiv-
alence, however if we consider only trivial bundles (m = 0), then it corresponds to tensoring with
Eθ+11,0 , (c.f. (5.5)).
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